Most construction projects involve subcontracting some work packages. A subcontractor is employed on the basis of their bid as well as according to their availability. A viable schedule must account for resource availability constraints. These resources (e.g. crews, subcontractors) engage in many projects, so they become at the disposal for a new project only in certain periods. One of the key tasks of a planner is thus synchronizing the work of resources between concurrent projects. The paper presents a mathematical model of the problem of selecting subcontractors or general contractor's crews for a time-constrained project that accounts for the availability of contractors, as well as for the cost of subcontracting works. The proposed mixed integer-binary linear programming model enables the user to perform the time/cost trade-off analysis.
INTRODUCTION
Most of the research work in the field of scheduling focuses on modeling projects and searching for accurate or heuristic methods of model solving aimed at constructing optimal (or suboptimal) schedules. The baseline schedule of a project is the basis for negotiations with subcontractors and determining the dates of their employment. Typically, the planners rely on two criteria of schedule optimization: time and cost, considering them jointly or one at a time [15, 16] . Many authors strive to maximize economical efficiency measured by the net present value of the project [1, 7, 19, 24] .
Many mathematical methods and models have been developed to balance the demand for renewable and non-renewable resources and to schedule projects under resource availability constraints. To capture them, the scheduler can assume that, due to limited resource availability, certain processes may take place only at specific periods (time-window constraints) or at directive times (timeschedule constraints) [8] .
The ability to deliver a project in a short time may give a contractor a competitive advantage.
However, reducing the project duration involves, apart from more effort in planning, some additional cost, such as overtime work or hiring additional equipment and machines. For this reason, the planner needs to conduct a time and cost analysis of the project [12] . The literature puts forward a number of approaches to such analysis. These are based on a utility function to solve a bicriterion (time-cost) optimization problem [14, 15] or on one of the numerous methods of the multicriteria analysis [17, 21] .
The organizational structure of a construction project comprises the in-house resources of the general contractor as well as teams that come from cooperating construction companies. The contractor often has to decide on subcontracting already at the stage of bid preparation. The general contractor relies on the bid prices submitted by the subcontractors to estimate the final bid sum for the project. The decision made at this stage also influences the project's schedule and duration. The selection of reliable contractors to deliver each work package becomes a key factor for the success of the whole project.
Managing a large number of partners (later referred to as subcontractors) is a challenge for a general contractor. It is particularly difficult to fit their schedules into the project schedule so that the contractual deadline is met [25] . Each project is different (unique scope and specifications, effect of local conditions, changing economic conditions etc.) and there exists no standard set of criteria for the assessment of the members of the project team to assure a good choice [1, 20, 22] . However, the contracting authority should always take into account several basic criteria when selecting potential subcontractors to be invited to submit tenders: the quality of the work, efficiency, capacity (availability of qualified personnel and appropriate equipment), as well as the possibility of undertaking the work within a specified period of time [6, 18] . The most important factors influencing the choice of subcontractors may be determined by means of questionnaire surveys [18, 296 S. BIRUK, P. JASKOWSKI, M. KRZEMIēSKI 20, 23]. The selection of the best subcontractor can be made by using multiple criteria decision making methods [3, 4, 5] . This issue reduces the impact of the manager's intuition on the choice of subcontractor, while taking into account many factors, but does not take into consideration the impact of the decision on the schedule of the construction project.
The problem of selecting subcontractors should be considered together with the scheduling of construction projects. At the planning stage, the use of the contractor's own potential, the scope and cost of the contracted work should be taken into account. The problem of contracting works must take into account the primary objectives of the main contractor: meeting the deadline date agreed with the investor, not to overrun the investment budget and ensuring a high level of use of own resources (working teams, construction machinery and equipment etc.). The planning of a construction project must therefore include different, sometimes contradictory objectives, e.g minimizing project duration, cost, and project total interruption time [9] .
Several developed models of construction projects allow to perform time-cost trade-off analyses.
Jaśkowski [13] presented the triple-criteria schedule optimization problem (minimizing the project's duration and cost, and reduction of the cost of contracted work) solving using metaheuristic algorithm. The model of Hegazy and Wassef [10] allows to perform time-cost analyses at the determined date for various variants of work execution differing in time and cost of execution.
Hyari and El-Rayes [11] presented the model for repetitive construction project which minimizing project duration and maximizing work continuity at the same time.
The paper is organized as follows: Section 2 defines the decision problem and presents its mathematical formulation. Section 3 presents an example of an application of the model for selection of subcontractors for a relatively simple construction project. Section 4 concludes the paper summarizing the merits of the proposed approach and pointing to the directions of further research.
MATHEMATICAL MODEL
Let us assume that the project consists in the execution of n construction processes repeated on w work zones (units, objects). The scope of work and the precedence relations among the processes on each zone are modeled using a directed, acyclic and consistent unigraph , G V E with no loops, with a single start and a single finish node.
n is a set of the graph's nodes (vertices) that represent construction processes. E V V u is a relation defining the precedence between processes represented as the graph's edges. Each process ( 1, 2, ..., ) i i n can be delivered by a different subcontractor or general contractor's crew. The number of options of delivering a process i, m i , equals the number of the process' potential providers: the general contractor's crew plus the potential subcontractors who submitted bids for the work package containing this process.
Subcontractors for the work package (process) i form a set S i . Each executor (GC's crew or subcontractor) j who presents a bid for particular process i is required to declare the earliest ( 0 G model decisions about the selection of the process executor (they take the value of 1 when the process i will be executed by the executor j or the value 0 in otherwise).
The problem consists in such a selection of subcontractors (or GC's crews) and determining the dates of process execution so that the total duration of the project does not exceed the directive time (contractual date of completion) d T and the cost of subcontracted work is not greater than K S , moreover the total cost of the project, K, (being the sum of costs of all processes) is minimal. The problem can be formulated as follows: ^, 0,1 , 1, 2, ..., , 1, 2, ..., 
EXAMPLE
An example project involves the construction of three buildings with different surface areas and cubic capacity. Fig. 1 presents the graph representing the precedence relations among construction processes that results from the logic of works. Each of its processes can be delivered by one GC's crew (option 1) or one of four potential subcontractors (options 2 -5). Thus, there exist five options for each process, differing in the delivery time and cost and restricted in time by the availability of the subcontractor defined by them in their bids in the form of time-windows (or by general contractor for his own crews). Table 1 and Table 2 list, respectively, the early and the late starts of processes according to each option. Table 3 lists the process durations on each work zone (building) as declared by the subcontractors in their bids or established by general contractor for his own crews. Table 4 lists corresponding prices. Subcontractors whose bids are dominated (in terms of time and cost) by other bidders are not eliminated as their availability may be better than that of other subcontractors.
The example was solved by means of Lingo 14.0 solver. The results of the time-cost analysis (for nondominated solutions) on the assumption that the cost of subcontracted works is not limited are presented in Table 5 . The shortest duration of the project is 579 working days (expressed by a number of a working day since the date 0); the corresponding cost is EUR 9,795,000 and cost of subcontracted works is EUR 1,132,500.
The project duration of 618 days can be achieved at a minimal cost of EUR 9,630,000 (with cost of subcontracted works of EUR 1,380,000). Allowing the project to take longer does not reduce the cost.
Analysing the results presented in Table 5 , it should be noted that the highest required cost of subcontracted works is achieved with a project duration of 603 days.
Let us assume that the general contractor allowed the project to be completed within a maximum of 605 days and limited the value of the subcontracted work to the amount of EUR 1,300,000. Under these assumptions, the project duration will be 605 days at a minimum cost of EUR 9,701,250 and the cost of subcontracted works will be EUR 1, 196, 250 . In this solution, the general contractor will execute structural works and partition walls with its own resources, the remaining works will be subcontracted. The project schedule for this solution is shown in Fig. 2 . It should be noted that the project will start 5 days after the planned date due to the fact that the earthmoving subcontractor (option 3) is available at the earliest after that date. LIST OF FIGURES AND TABLES: Fig. 1 . Precedence relations among processes on each work zone (building) for the example Rys. 1. Relacje kolejnościowe między procesami na każdej działce roboczej (budynku) w przykładzie 
